Introduction
Said briefly: We explain in detail the correspondence F between algebraic connections over IP 1 , logarithmic at X = {x 1 , ..., x n } ⊆ IP 1 , and flat bundles over IP 1 − X with integer weighted filtrations near each x j . Included is a gauge fixing theorem for logarithmic connections. (Thus far, one could work over any Riemann surface.) We prove a bound on the splitting type of a semistable logarithmic connection over IP 1 . Using this we extend some results on the Riemann-Hilbert-Problem and explain some others. The work is self contained and elementary, using only basic knowledge of gauge theory and the Birkhoff-Grothendieck-Theorem.
The concepts: A logarithmic connection over (IP 1 , X) consists of a holomorphic vector bundle E → IP 1 with an algebraic connection
satisfying the Leibnitz rule, where Ω 1 IP 1 (log X) is the sheaf of holomorphic 1-forms generated near x j by dz j /z j for a coordinate z j centred at x j . H := (E, ∇)| IP 1 −X is a flat bundle. Isomorphism classes of flat bundles of rank r correspond to conjugacy classes of representations χ : π 1 (IP 1 − X) → Gl (r, I C), [2, p 200] , [1, p 51-56] , [13, p 4] . χ is called the monodromy (or holonomy) of H.
If E is trivial, one calls (E, ∇) a Fuchsian system. Choose a global coordinate z on IP 1 such that a j := z(x j ) = ∞. For any Fuchsian system (IP 1 × I C r , ∇) there exist B j ∈ End ( I C r ), [1, p 4] , such that
The problem: In 1900 Hilbert stated his twenty first problem: Prove that for any given singularities X and representation χ there exists a Fuchsian system realising (X, χ). Literally, [12] , he said Fuchsian equation, i.e. higher order differential equations with prescribed singularities. But Anosov & Bolibruch argue that he meant vector-valued linear equations, i.e. Fuchsian systems, because the alternative was already known to be wrong in 1900. Fuchsian equations induce Fuchsian systems, [1, Ch. 7] . Since Riemann worked on the problem earlier, it is called the Riemann-Hilbert-Problem (RHP). For a comprehensive collection of known results and references to the RHP see [1] , also [3] and [4] . Much of the recent work is due to Bolibruch. (An approach different from most is Hain's, [11] .) Bolibruch discovered a pair (X, χ), of rank r = 3 and with n = 4, which cannot be realised by any Fuchsian system, [4, p 74-76] , [1, p 14] . Therefore, he modified the RHP to the question of which (X, χ) can occur on Fuchsian systems. Bolibruch shows that for fixed χ but varying X, the answer can be different. We do not consider the dependence on X and concentrate on positive answers to the RHP.
By the Birkhoff-Grothendieck-Theorem (BGT), [18] , any vector bundle E → IP 1 is isomorphic to O(c 1 )⊕ ...⊕ O(c r ) for unique integers c 1 ≥ ... ≥ c r , called the splitting type of E. So, considering the space of all logarithmic connections over (IP 1 , X), the Fuchsian systems (1) constitute the connected component of the trivial connection. Fuchsian systems are clearly semistable.
The approach: We follow Deligne, [6] . To each x j , let U j be a small simply-connected neighbourhood and U * j := U j − {x j }. We show directly that a logarithmic connection (E, ∇) admits, over a small open neighbourhood of x j , a normal trivialisation (Definition 2.2.1). This is used to construct on H = (E, ∇)| IP 1 −X a filtration 0 ⊂ H 1 j ⊂ ... ⊂ H l j j = H| U * j by flat subbundles with integer weights Φ j = diag (φ i j ), (φ 1 j ≥ ... ≥ φ r j ) ∈ Z Z r , for each j = 1, ..., n. Conversely, such data on a flat bundle H → (IP 1 − X) induces a unique extension of H to a logarithmic connection (E, ∇) := F(H, H m j , Φ j ) over (IP 1 , X).
Extending and restricting appropriate morphisms, F becomes an equivalence between the categories of weighted flat bundles (H, H m j , Φ j ) over IP 1 − X and the category of logarithmic connections (E, ∇) → (IP 1 , X). The equivalence F has been constructed slightly differently by Manin, [16] ; Deligne, [6] , and Simpson, [21] , and on objects partially by Anosov & Bolibruch, see also [8] . F prerves injections and surjections. The integer weights are used to define the degree of a weighted flat bundle. By Simpson, F preserves degrees and hence (semi-) stability (Definition 3.1.2).
If γ j is a loop in U * j going once around x j , the parallel transport in H w.r.t. γ j is conjugation equivalent to an upper-triangular matrix. So, filtrations of H| U * j by flat subbundles exist. There is much freedom in choosing integer weights. Hence, any pair (X, χ) is realized by several logarithmic connections. (This even holds over Riemann surfaces, [20] .) If one is satisfied with any logarithmic connection realizing a given pair (X, χ), the problem is therefore solved; the difficulty is to decide when the underlying bundle is trivial.
We seek, for given H, filtrations H m j and integer weights Φ j such that
To indicate the relation between our approach and previous ones, let (X, χ) be realised by (E, ∇). E admits a system W = (w 1 , ..., w r ) of global meromorphic section, holomorphic away from x 1 , spanning E off x 1 . W generates a flat bundle over IP 1 . So, every pair (X, χ) is realized by a regular system, i.e. a singular algebraic connection on IP 1 × I C r such that the flat sections have at most polynomial growth. This has long been known, [19] , [6] , and most attempts to find Fuchsian systems are by "modifying" (see [1, p 77] ) regular ones. Conversely, regular systems induce logarithmic connections. To see this, use the system of sections V as in equation (2.2.21) of [1] to generate a free rank r sheaf, i.e. vector bundle, and apply Levelt's result, [1, p 28] , [15, p 379] . The modification of regular systems does correspond to changing filtrations and integer weights on H. Bolibruch essentially introduced the approach, but worked himself mainly via regular systems.
Bolibruch found that any irreducible representation is the monodromy of a Fuchsian system for any given singularities, [1, p 83] . Having this, one attempts to apply induction on reducible ones. The difficulty is that the smaller subspaces in the local filtrations of H have higher integer weights and tend to be contained in global subspaces. This restricts the choice of filtrations and weights which make H into a semi-stable weighted flat bundle; which is neccessary should H be a restriction of a Fuchsian system. This difficulty comes up in Theorems 4.4.1 and 4.5.1 and, in an extreme form in Proposition 4.4.2. The results on reducible representations that we have, Lemma 3.2.4, follow from the preservation of short exact sequences under F and the BGT.
What is new:
We give a direct proof of a gauge fixing theorem for logarithmic connections over curves, Theorem 2.2.3. The description of the inverse of F via this gauge fixing theorem seems new.
We work on the RHP via logarithmic connections, avoiding regular systems. Instead of Bolibruch's sum of exponents of a regular system we use the degree of a bundle over IP 1 and the concept of semi-stability. In particular, the preservation of semi-stability under F is usefull because any Fuchsian system is semi-stable. Bolibruch does not mention the concept of semistability in relation to the RHP. Applying the properties of F, explained in the first part of this article, several of Bolibruch's results on the RHP follow easily from the Birkhoff-Grothendieck-Theorem and the fact that H 0 (O(c)) equals 0 if c < 0 and I C if c = 0. We do not reprove this way as many results as possible, restricting to some signific ones, e.g. Besides, perhaps, a more conceptual proof of known results, we have new ones. Bolibruch's first counter-example to the RHP implies that a semistable logarithmic connection is not neccessarily Fuchsian. However, we prove that any semi-stable logarithmic connection (E, ∇) has bounded splitting type, Theorem 3.2.1. To be precise, c i − c i+1 ≤ n − 2 for i = 1, ..., r − 1 where , of which we provide a direct proof, our bound leads to the existence of a Fuchsian system with given monodromy χ :
if some χ(γ k ) admits an eigenvector which is a cyclic vector of the π 1 (IP 1 − X)-module I C r . Firstly, this implies Bolibruch's positive solution for irreducible representations. Secondly, it gives a shorter proof of his result that each χ is a subrepresentation of the monodromy of a Fuchsian system of double the rank. Thirdly, it leads to an alternative proof of his complete answer to the RHP in rank three.
We have a new, sufficient condition for parabolic representations to come from Fuchsian systems, Theorem 4.5.1, and show that this is always satisfied in rank four. A new result for reducible representations is part (ii) of 
Definition 2.1.1 A (local) connection logarithmic at 0 is a holomorphic vector bundle E → U and a I C-linear map
A morphism is called injective (surjective) if it is as bundle map. A short sequence (E ′ , ∇ ′ ) → (E, ∇) → (E ′′ , ∇ ′′ ) is called exact if it is as sequence of bundle maps. Simpson calls (E, ∇) a regular singular D U -module, [21] .
If v ∈ Ω 0 (E) and f ∈ Ω 0 then
Hence, ∇ induces a canonical endomorphism
denote the eigenvalues of ρ and
the integer weights of ∇ (at 0).
We encode the integer weights as
with ψ i > ψ i+1 for all i. Φ induces a canonical block structure on all matrices which we will use a lot. If ∇ 0 is a second logarithmic connection on E, the Leibnitz rule implies that
is a holomorphic bundle map. So, in a trivialisation θ : E → U × I C r ,
Gauge fixing for logarithmic connections
If all eigenvalues µ of K ∈ End( I C r ) satisfy Re (µ) ∈ [0, 1) then we say K has normalised eigenvalues. If also G = exp(2πiK) we call K the normalised logarithm of G: K = norm log G. If G is upper-triangular and has only one eigenvalue ρ then, for µ = norm log ρ, we have, [15, p 376] ,
with normalised eigenvalues, where Φ is the integer weights-matrix of (E, ∇).
For a normal trivialisation θ, integer weights Φ = block-diag (ψ m I d m ) and (e 1 , ..., e r ) the standard frame of U × I C r , let
Clearly, φ is invariant under parallel transport away from the singularity. (
We give a direct proof.
Proof: (i): Start with any trivialisation and write the connection as d +
Assume we could find
with M 0 = I, hence B 0 = A 0 , and
block-upper-triangular. Then the eigenvalues of K would be those of −B 0 − Φ = −A 0 − Φ and hence K would have normalised eigenvalues by (2). We would be done if the series of M converges in a small neighbourhood of 0. Eq. (3) is equivalent to
In the Taylor expansion we must have
for all j ≥ 1. Work by induction on j ≥ 1. For all i, m = 1, ..., l, we need to satisfy, for M 0 = I (A 0 = B 0 ), the equation on the block entries
By ( in operator norm. We can find C > 1 and ε 0 > 0 such that
since A and B are absolutely convergent. The equality (4) implies
which would finish (i). The claim is clear for j = c 0 and for j > c 0 we use induction to find
(ii): By hypothesis,
Since A and B are block-upper-triangular, (4) implies by induction on 
Definition 2.2.4 Let θ be a normal trivialisation of (E, ∇). The integer weights filtration of (E, ∇) is
At first, the normal trivialisation θ and hence the filtration of E exists only over a small neighbourhood of the singularity. But since each E m is invariant under ∇, we can extend over all of U . This filtration, together with Φ, is equivalent to φ • θ : E → Z Z ∪ {+∞}. It is independent of the choice of θ by Theorem 2.2.3.
Let π :Ũ * → U * be the universal covering and writez for the coordinate over z. Let logz :Ũ * → I C be a holomorphic function such that logz ≡ log z mod (2πi).
z ΦzK is a fundamental system of flat sections. Hence, exp(2πiK) is the monodromy around 0. 
is equivalent to the filtration and weights; (H, φ) :
The morphism is called injective if it is as bundle map and satisfies
It is called surjective if it is as bundle map and if for all v ∈ H there exists Let γ be a loop in U * going once around 0 anticlockwise and write γ * for the induced action onŨ * ; log(z • γ * ) = (logz) + 2πi. Then
Definition 2.3.3 Let F(H, φ) be the extension of H over U , whose stalk at 0 is generated by the system of sections
∇ becomes a singular connection on the extension of H. For a morphism η :
be the unique holomorphic extension of η. Proof: C) and put K := norm log G,
F(H,
0) is called the canonical extension, [17], of the flat bundle H. One checks that different choices of Y and coordinate z give extensions which are isomorphic via a map extending the identity of H. Anosov & Bolibruch construct extensions of H by choosing Y such that G is upper-triangular, but with Y not requested to respect a fixed filtration. One can (in addition) choose Y such that G decomposes w.r∇(V (z)) = Y d(z −K z −Φ ) = Yz −K (−K − Φ)z −Φ dz z = V (z)z Φ (−K − Φ)z −Φ dz z . So, ∇ V = d + z Φ (−K − Φ)z −Φ dz z inK ′ := norm log G ′ . If C is an r × r ′ -matrix such that GC = CG ′ then KC = CK ′ and hencez K C = Cz K ′ . If GG ′ = G ′ G then KK ′ = K ′ K. 2
Lemma 2.3.6 (Simpson, Deligne) The holomorphic extension F(η) in Definition 2.3.3 exists. It commutes with the logarithmic connections. If η is injective (surjective) then so is F(η). F sends short exact sequences to such and is inverse to F
−1 on morphisms.
Proof: Since η maps flat sections to flat sections we can find a unique constant r × r ′ -matrix C such that η • Y ′ = Y C. Because η does not decrease weights, z Φ Cz −Φ ′ is holomorphic over U . Furthermore,
i.e. CG ′ = GC. By Lemma 2.3.5 this impliesz K C = Cz K ′ . We find
and F(η) is holomorphic. If η is injective (surjective) then we can choose Y (Y ′ ) such that C is a permutation matrix of full rank and
The remainder of the statement follows from continuity. We extend the concepts to the Riemann sphere. Let X = {x 1 , ..., x n } ⊆ IP 1 , put S := IP 1 − X and fix a base point s ∈ S. For each j = 1, ..., n choose a simply connected neighbourhood U j ⊆ IP 1 of x j containing s but no other x k 's and a coordinate z j centered at x j . (U j is easier to handle than a small neighbourhood around x j and a path from x j to s.) Let γ j ∈ π 1 (U * j , s) go once around x j , anticlockwise, andŨ * j be the universal covering of U * j .
A logarithmic connection over (IP 1 , X) consists of a holomorphic bundle E → IP 1 and a I C-linear map ∇ : Ω 0 (E) → Ω 0 (E) ⊗ Ω 1 (log X) satisfying the Leibnitz rule; where
A weighted flat bundle over S is a holomorphic flat bundle H → S together with filtrations by flat subbundles 0
) for each j = 1, ..., n. Note that no compatibility is required for different j. Write φ = (φ 1 , ..., φ n ) for the weight functions φ j : H| U * j → Z Z ∪ {+∞}. We have π 1 (S, s) = γ 1 , ..., γ n | γ 1 · ... · γ n = 1 where γ 1 · γ 2 means travelling along γ 1 first. A weighted flat bundle corresponds to a conjugacy class of representations χ : π 1 (S, s) → Gl(r, I C) with, for each j = 1, ..., n, a weighted filtration of I C r invariant under χ(γ j ). Observe that deg(H, φ) = {Tr Φ j + Re Tr (norm log χ(γ j ))} and it is an integer because det χ(γ 1 ) · ... · det χ(γ n ) = 1.
Consider a weighted flat bundle (H, φ). Choose a basis Y s of H s and denote its extensions by parallel transport overŨ * j by Y (z j ). For each j,
. By the Birkhoff-GrothendieckTheorem (BGT), [18] , [1] , there is a system
of r meromorphic sections such that W | S spans H = E| S . We have
for some meromorphic Q j : U j → Gl(r, I C) , holomorphic on U * j . Note that W | U j spans E| U j if and only if Q j is holomorphic at x j . 
Let k j be the order of vanishing of det Q j at x j . Then
The righthand-side is the degree of the weighted flat bundle, while the left-hand-side is the sum of the orders of vanishing of det W , the degree of E. 2 This result holds, in fact, over any Riemann surface. Note, that it implies Lemma 5.2.2 in [1] . Also, if (E, ∇) → IP 1 is logarithmic at X and has residues ρ j : E x j → E x j then − n 1 Tr ρ j equals the degree of E. This is because in a normal trivialisation, using the notation of Definition 2.2.1, 
The splitting type of E → IP
and obtain sections π m • ∇(v k ) :
. Near s we have
is identically zero or of order at least c k . The latter is equivalent to
This theorem easily extends to logarithmic connections with parabolic structure at the singularities, i.e. to filtered regular D S -modules, c.f. [21] . Note, any logarithmic connection with irreducible monodromy is semi-stable, even stable. The proofs of these two lemmas are straightforward. Proof: Since the G j = χ(γ j ) commute, each G j preserves ker(G k − µI) t of each G k and for each t. Assume then that each G j has only one eigenvalue ρ j and is upper-triangular. Let µ j := norm log ρ j be the only eigenvalue of K j := norm log G j and ξ := n 1 µ j ∈ Z Z. By Lemma 2.3.5 the K j 's commute and exp(ξ · I r − K j ) = G 1 · ... · G n = I r . Since ξ · I r − K j has only the eigenvalue 0, it is the normalised logarithm of I r , i.e. 0. A short calculation then shows that
is smooth at infinity. Over eachŨ * k we set Y :
has splitting type C and k ∈ {1, ..., n} is fixed then there exists a permutation P and meromorphic W :
We give a proof different from that in [1] .
Claim: For each permutation P such that all bottom-right minors of Q ′ k (0)P −1 are non-singular, there exists a W as in the proposition. (The existence of such P follows by induction from the description of the determinant of a matrix in terms of co-rank one minors. ) We may assume that z k (s) = ∞. Suppose there exists b = ((b i,j )) :
Then
for some invertibleQ k and we would be done. To find b as in (6) satisfying (7) we need to solve a system of linear equations. With Q ′ k P −1 = ((q j,m )), condition (7) 
Then (7) is equal to Proof: If χ(γ k ) is semi-simple we can split
into flat line bundles. Let (E, ∇) be the canonical extension of H (i.e. Φ j = 0 for all j) and choose Z k (see subsection 3.1) such that the i-th section in
k P for invertibleQ k and permutation P , where C is the splitting type of E.
Let P ′ be the permutation with P ′ i,j = 0 if i + j = n and P ′ i,n−i = 1 for i = 1, ..., n. Consider the filtration of H| U * k , induced by the sections in Y k (z k )P −1 (P ′ ) −1 . As χ(γ k ) is semi-simple it will respect this filtration. Let Φ ′ k := −(P ′ ) −1 CP ′ , which is diagonal with non-increasing entries, and
k is invertible and hence, W spans E ′ globally, since 
The rank two case
either vanishes identically, in which case c 0 1 = c 0 2 and we are done, or it is of order at least c 0 1 at s. If it also vanishes at each x j then n+c 0 1 ≤ c 0 2 +n−2. So, v 2 ) , the formula for the connectionmatrix ω| U * k in the proof of Proposition 3.1.3 implies that (Q k ) 1,2 (x k ) = 0 (det Q k (x k ) = 0 by choice of W ). Now apply the Claim at the beginning of the proof of Proposition 4.1.2 with W ′ = (v 1 , v 2 ) and P the non-trivial rank two permutation. Then F(H, 0, ..., 0, Φ k , 0, ..., 0) will be Fuchsian for Φ k = −P −1 C 0 P . We have completed the proof of (ii) and also proved (i). 
Proof: Let C be the splitting type of (E, ∇) = F(H, H m j , Φ j ). Theorem 3.2.1 implies
for all i = 1, ..., r−1. Fix W as in Proposition 4.1.2 and let, in that notation, Φ ′ k := Φ k − P −1 CP , which will have non-increasing entries. W spans E ′ off x k and Proof: By Lemma 4.1.1 we may assume that n ≥ 3 and r ≥ 2. Let G j := χ(γ j ) for all j = 1, ..., n. By Corollary 4.1.3 we can assume that in canonical basis e i = (0, ..., 0, 1, 0, ..., 0) t we have the equality of vector spaces e r , G 1 e r = e r−1 , e r . We define G ′ j as follows
Since r | Tr Φ j we find r | Tr (norm log χ(γ j )), i.e. r | r µ j . So, µ j must be an integer. Bolibruch uses this to give an example of a representation with r = 4 and n = 3 which can not be the monodromy of any Fuchsian system with three singularities, [4, 
Parabolic representations and the rank three case
Let B (r, I C) be the group of invertible upper-triangular r × r-matrices. 
Then χ is the monodromy of a Fuchsian system (E, ∇) and the integer weights of (E, ∇) equal ((φ i j )) as sets.
Proof:
The flat bundle H, associated to χ, has a global natural filtration. We work by induction on the rank r and extend the claim of the theorem by the fact that the integer weights function φ j on H j , which we construct, is the direct sum of its restrictions to the generalised eigenspaces of G j , acting on H j . For r = 1 we let φ j :
for the rank (r − 1) subbundles. We are given, by induction,
with the above described property. Consider one j ∈ {1, ..., n} at a time. Let A ⊆ H j (A ′ ⊆ H ′ j ) be the generalised eigenspace of G j (G ′ j ) of the eigenvalue ρ r j . Also let B ′ ⊆ H ′ j be the direct sum of the other generalised eigenspaces of G ′ j . Then, the extended induction hypothesis implies φ ′ j (h A ′ + h B ′ ) = min(φ ′ j (h A ′ ), φ ′ j )(h B ′ )). Put
We give H j = A ⊕ B ′ the direct sum of the weighted filtrations. By construction, (H ′ j , φ ′ j ) → (H j , φ j ) is an injection. We give H j /H ′ j the integer weight φ r j . Then h = h A + h B ′ ∈ H j maps to zero under α :
α is surjective since φ(h A ) = φ r j for any h A ∈ A − A ′ . We have constructed a short exact sequence
where H ′ is the restriction of a Fuchsian system by induction and H/H ′ is so similar to the rank one case. Apply Lemma 3.2.4 to finish. To see this just find ((φ i j )) i =k , choose (φ k j ) j =m if they are not fixed by (a)' already and calculate φ k m using (b). The corollary is trivial for r = 1. For r = 2, 3, we can either use the claim or have Λ 1 = ... = Λ r and finish easily. For r = 4, if we can not use the claim there are two cases. Either, for each j = 1, ..., n, (ρ 1 j = ρ 3 j and ρ 2 j = ρ 4 j ) or (ρ 1 j = ρ 4 j and ρ 2 j = ρ 3 j ). Hence, Λ 1 + Λ 2 − Λ 3 = Λ 4 . Solve the system consisting of (a)' and (b) for ((φ i j )) j=1,..,n;i=1,2,3 and get a solution for the rank four problem by setting φ 4 j := φ 1 j + φ 2 j − φ 3 j for j = 1, ..., n. Or, ρ 1 m = ρ 2 m = ρ 3 m = ρ 4 m for some m ∈ {1, ..., n}. Solve two rank two problems, i.e. find ((φ i j )) i=1,2 satisfying (a)' and (b) and find ((φ i j )) i=3,4 satisfying (a)' and (b). Increasing all entries of ((φ i j )) i=1,2;j =m by a sufficiently large integer N and decreasing φ 1 m and φ 2 m by (n − 1)N , we can satisfy (a) and (b) for the rank four problem. 2 
